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method is simple and valuable mathematical instrument for solving nonlinear evolution equations
in mathematical physics and engineering.
ª 2015 Production and hosting by Elsevier B.V. on behalf of Faculty of Engineering, Alexandria
University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).1. Introduction
The nonlinear equations have many wide array of application
of many ﬁelds, which described the motion of the isolated
waves, localized in a small part of space, in many ﬁelds such
as hydrodynamic, plasma physics and nonlinear optic.
Analytical solutions to nonlinear partial differential equations
play an important role in nonlinear science, especially innonlinear physical science since they can provide much physi-
cal information and more inside into the physical aspects of
the problem and thus lead to further applications. Much work
has been done over the years on the subject of obtaining the
analytical solutions to the PDEs. Many powerful methods to
seek for exact solutions to the nonlinear partial differential
equations have been proposed. Among these are the direct
algebraic method [1], the Lie symmetry group method [2],
the inverse scattering transform [3], the complex hyperbolic
function method [4,5], the rank analysis method [6], the ansatz
method [7–18], the ðG0=GÞ-expansion method [19–26], the
modiﬁed simple equation method [27], the exp-functions
method [28], the sine–cosine method [29], the Jacobi elliptic
636 Md. Nur Alam et al.function expansion method [30,31], the F-expansion method
[32], the Backlund transformation method [33], the Darboux
transformation method [34], the homogeneous balance method
[35–37], the Adomian decomposition method [38,39], the aux-
iliary parameter method [40], the homotopy perturbation
method [41–43], the expðuðgÞÞ-expansion method [44–46],
He’s variational approach [47], the lie symmetry analysis
[48], tanh method [49] and so on.
The (3+1)-dimensional mKdV–ZK equation and the
(2+1)-dimensional Burgers equations are an important class
of NLEEs and arise in theoretical physics and plasma physics
as well as ﬂuid dynamics, nonlinear optics and quantum
mechanics to analyze the basic properties of nonlinear propaga-
tion of many physical phenomena, such as amplitude and width
of the solitons, solitary wave structure and shock wave struc-
ture. A large number of literature [9–18], where the various types
of nonlinear mKdV–ZK equation and Burgers are studied and
have demonstrated their analytical solutions as well as traveling
wave solutions using different methods. For instance, Khan
et al. [47] have described the new soliton solutions of the gener-
alized Zakharov equations using He’s variational approach.
Biswas and Zerrad [12] have investigated the solitary wave solu-
tions to the ZK equations in plasma with power low nonlinear-
ity. Biswas andZerrad [10] have studied 1-soliton solution of the
Zakharov–Kuznetsov equation with dual-power law nonlinear-
ity. Biswas et al. [9] have investigated the 1-soliton solution of
the generalized Burgers equation with generalized evaluation.
However, the expðuðgÞÞ-expansion method has provided
some new analytical solutions rather than the other methods.
Therefore, the purpose of this research is to extract the new exact
solutions of the (3+1)-dimensional mKdV–ZK equation
and the (2+1)-dimensional Burgers equation using the
expðuðgÞÞ-expansion method that appeared in recent time.
Although the method has a lot of merit it has a few draw-
backs, such as, sometimes the method gives solutions in dis-
guised versions of known solutions that may be found by
other methods.
The rest of the paper is organized as follows: In Section 2,
we give the description of the expðuðgÞÞ-expansion method.
In Section 3, we apply this method to the (3+1)-dimensional
mKdV–ZK equation and the (2+1)-dimensional Burgers
equation. In Section 4, physical explanations and graphical
representations of the solutions are given and in Section 5
we have presented result and discussion of the solutions.
Finally, conclusions are given in the last section.2. Description of the expðUðgÞÞ-expansion method
Let us consider a general nonlinear PDE in the form
Fðu; ut; ux; uxx; utt; utx; . . .Þ ¼ 0; ð1Þ
where u ¼ uðx; tÞ is an unknown function, F is a polynomial in
uðx; tÞ and its derivatives in which highest order derivatives
and nonlinear terms are involved and the subscripts stand
for the partial derivatives. In the following, we give the main
steps of this method:
Step 1: We combine the real variables x and t by a complex
variable guðx; tÞ ¼ uðgÞ; g ¼ x Vt; ð2Þwhere V is the speed of the traveling wave. The traveling
wave transformation (2) converts Eq. (1) into an ordi-
nary differential equation (ODE) for u ¼ uðgÞ:
Rðu; u0; u00; u000;   Þ ¼ 0; ð3Þ
where R is a polynomial of u and its derivatives and the
superscripts indicate the ordinary derivatives with
respect to g.Step 2: Suppose the traveling wave solution of Eq. (3) can be
expressed as follows:uðgÞ ¼
XN
i¼0
AiðexpðUðgÞÞÞi; ð4Þ
where Aið0 6 i 6 NÞ are constants to be determined,
such that AN – 0 and U ¼ UðgÞ satisfy the following
ordinary differential equation:U0ðgÞ ¼ expðUðgÞÞ þ l expðUðgÞÞ þ k; ð5Þ
Eq. (5) gives the following solutions:Family 1: When l– 0; k2  4l > 0,ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp 0 1
UðgÞ¼ ln
 ðk24lÞtanh ðk24lÞ
2
ðgþEÞ k
2l
BB@ CCA ð6Þ
Family 2: When l– 0; k2  4l < 0,ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃp 0 1
UðgÞ¼ ln
ð4lk2Þtan ð4lk2Þ
2
ðgþEÞ k
2l
BB@ CCA ð7ÞFamily 3: When l ¼ 0; k – 0, and k2  4l > 0, 
UðgÞ ¼  ln k
expðkðgþ EÞÞ  1 ð8ÞFamily 4: When l– 0; k – 0, and k2  4l ¼ 0, 
UðgÞ ¼ ln  2ðkðgþ EÞ þ 2Þ
k2ðgþ EÞ ð9ÞFamily 5: When l ¼ 0; k ¼ 0, and k2  4l ¼ 0,
UðgÞ ¼ lnðgþ EÞ ð10Þ
AN; . . . ;V; k; l are constants to be determined latter,
AN – 0, the positive integer N can be determined by
considering the homogeneous balance between the
highest order derivatives and the nonlinear terms
appearing in Eq. (3).
Step 3: We substitute Eq. (4) into Eq. (3) and then we
account the function expðUðgÞÞ. As a result of this
substitution, we get a polynomial of expðUðgÞÞ. We
equate all the coefﬁcients of same power of
expðUðgÞÞ to zero. This procedure yields a system
of algebraic equations whichever can be solved to
ﬁnd AN ; . . . ; V ; k; l. Substituting the values of
AN ; . . . ; V ; k; l into Eq. (4) along with general
solutions of Eq. (5) completes the determination of
the solution of Eq. (1).
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In this section, the method is used to construct some new trav-
eling wave solutions for the (3+1)-dimensional mKdV–ZK
equation and the (2+1)-dimensional Burgers equation which
are very important nonlinear evolution equations in mathe-
matical physics and engineering.
3.1. The (3+1)-dimensional mKdV–ZK equation
In this section, we will present the expðUðgÞÞ-expansion
method to construct the exact solutions and then the solitary
wave solutions of the (3+1)-dimensional mKdV–ZK equa-
tion. Let us consider the (3+1)-dimensional mKdV–ZK
equation,
ut þ au2ux þ ðuxx þ uyy þ uzzÞx ¼ 0: ð11Þ
where a is a nonzero constants. Xu [50] has discussed this
equation using an elliptic equation method and found many
types of elliptic function solutions. The (3+1)-dimensional
mKdV–ZK equation is an important class of NLEEs and
arises in theoretical physics and plasma physics as well as ﬂuid
dynamics, nonlinear optics and quantum mechanics to analyze
the basic properties of nonlinear propagation of many physical
phenomena, such as amplitude and width of the solitons, soli-
tary wave structure and shock wave structure. However, Eq.
(11) possesses lots of interesting traveling wave structures
which have not yet been found. In the study of equations mod-
eling wave phenomena, one of the fundamental objectives is
the traveling wave solutions, indicating a solution of constant
form going with a ﬁxed velocity. Traveling wave whether their
solution expressions are in explicit or implicit forms are very
interesting from the viewpoint of applications. These kinds
of waves will not alter their proﬁles during propagation and
thus are simple to identify. Our interest in this article is to
investigate four types of traveling wave: the solitary waves
which are localized traveling waves, asymptotically zero at
large distance, the periodic waves and the kink waves, which
rise or move down from one asymptotic shape to another.
We utilize the traveling wave variable uðgÞ ¼ uðx; y; z; tÞ;
g ¼ xþ yþ z Vt, Eq. (11) is carried to an ODE
Vu0 þ au2u0 þ ð3u00Þ0 ¼ 0: ð12Þ
Eq. (12) is integrable, therefore, integrating with respect to g
once yields:
C Vuþ 1
3
au3 þ 3u00 ¼ 0; ð13Þ
where C is an integration constant which is to be determined.
Taking the homogeneous balance between highest order
nonlinear term u3 and linear term of the highest order u00 in
Eq. (13), we obtain N ¼ 1. Therefore, the solution of Eq.
(13) is of the form:
uðgÞ ¼ A0 þ A1ðexpðUðgÞÞÞ; ð14Þ
where A0; A1 are constants to be determined such that AN – 0,
while k; l are arbitrary constants.
Eq. (14) into Eq. (13) and then equating the coefﬁcients of
expðUðgÞÞ to zero, we get1
3
aA31 þ 6A1 ¼ 0; ð15Þ
9A1kþ aA0A21 ¼ 0; ð16Þ
 VA1 þ aA20A1 þ 6A1lþ 3A1k2 ¼ 0; ð17Þ
C VA0 þ 1
3
aA30 þ 3A1lk ¼ 0; ð18Þ
Solving the Eqs. (15)–(18) yields
C ¼ 0; V ¼  3
2
k2 þ 6l; A0 ¼ 3km
2
; A1 ¼ 3m;
where m ¼ 
ﬃﬃﬃﬃ
2
a
q
; k; l are arbitrary constants.
Now substituting the values of V; Ao; A1 into Eq. (14)
yields
uðgÞ ¼ 3km
2
þ 3mðexpðUðgÞÞÞ; ð19Þ
where g ¼ x  3
2
k2 þ 6l t.
Now substituting Eqs. (6)–(10) into Eq. (19) respectively,
we get the following ﬁve traveling wave solutions of the
(3+1)-dimensional mKdV–ZK equation.
When l – 0; k2  4l > 0,
u1ðgÞ ¼ 3km
2
 3m 2lﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
p
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24l
p
2
ðgþ EÞ
 
þ k
0
BB@
1
CCA:
where g ¼ x  3
2
k2 þ 6l t and E is an arbitrary constant.
When l – 0; k2  4l < 0,
u2ðgÞ ¼ 3km
2
þ 3m 2lﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
p
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4lk2
p
2
ðgþ EÞ
 
 k
0
BB@
1
CCA:
where g ¼ x  3
2
k2 þ 6l t and E is an arbitrary constant.
When l ¼ 0; k– 0, and k2  4l > 0,
u3ðgÞ ¼ 3km
2
þ 3m k
expðkðgþ EÞÞ  1
 
:
where g ¼ x  3
2
k2 þ 6l t and E is an arbitrary constant.
When l – 0; k– 0, and k2  4l ¼ 0,
u4ðgÞ ¼ 3km
2
þ 3m k
2ðgþ EÞ
2ðkðgþ EÞÞ þ 2Þ
 
:
where g ¼ x  3
2
k2 þ 6l t and E is an arbitrary constant.
When l ¼ 0; k ¼ 0, and k2  4l ¼ 0,
u5ðgÞ ¼ 3km
2
þ 3mðgþ EÞ :
where g ¼ x  3
2
k2 þ 6l t and E is an arbitrary constant.
3.2. The (2+1)-dimensional Burgers equation
In this section, we will hear the expðUðgÞÞ-expansion method
to construct the exact solutions and then the solitary wave
solutions of the (2+1)-dimensional Burgers equation. Let us
consider the Burgers equation,
ut  uux  uxx  uyy ¼ 0: ð20Þ
638 Md. Nur Alam et al.Burgers introduced this equation in [51] to capture some of the
features of turbulent ﬂuid in a channel caused by the interac-
tion of the opposite effects of convection and diffusion. The
Burgers equation [51] is considered one of the fundamental
model equations in ﬂuid mechanics. The equation demon-
strates the coupling between diffusion and convection pro-
cesses. Eq. (20) is the lowest order approximation for the
two-dimensional propagation of weak shock waves in a ﬂuid.
It is also used in the description of the variation in vehicle den-
sity in highway trafﬁc. It is one of the fundamental model
equations in ﬂuid mechanics. It is also used to describe the
structure of shock waves, trafﬁc ﬂow, and acoustic transmis-
sion. Burgers equation is completely integrable.
We utilize the traveling wave variable uðgÞ ¼ uðx; tÞ;
g ¼ x Vt, Eq. (20) is carried to an ODE
Vu0  uu0  2u00 ¼ 0: ð21Þ
Eq. (21) is integrable, therefore, integrating with respect to g
once yields:
Pþ Vuþ 1
2
u2 þ 2u0 ¼ 0; ð22Þ
where P is an integration constant which is to be determined.
Taking the homogeneous balance between highest order
nonlinear term u2 and linear term of the highest order u0 in
Eq. (22), we obtain N ¼ 1. Therefore, the solution of Eq.
(22) is of the form:
uðgÞ ¼ A0 þ A1ðexpðUðgÞÞÞ; ð23Þ
where A0; A1 are constants to be determined such that AN – 0,
while k; l are arbitrary constants. It is easy to see that
u0ðgÞ ¼ A1ðexpð2UðgÞÞ þ lþ k expðUðgÞÞÞ: ð24Þ
u2ðgÞ ¼ A20 þ 2A0A1 expðUðgÞÞ þ A21 expð2UðgÞÞÞ: ð25Þ
Substituting u; u0; u2 into Eq. (22) and then equating the coef-
ﬁcients of expðUðgÞÞ to zero, we get
1
2
A21  2A1 ¼ 0; ð26Þ
VA1 þ A0A1  2A1k ¼ 0; ð27Þ
VA0 þ 1
2
A20  2A1lþ P ¼ 0; ð28Þ
Solving the Eqs. (26)–(28) yields
P ¼ 1
2
A20  2A0kþ 8l; V ¼ A0 þ 2k;A0 ¼ A0; A1 ¼ 4:
where k; l are arbitrary constants.
Now substituting the values of V; Ao; A1 into Eq. (23)
yields
uðgÞ ¼ A0 þ 4ðexpðUðgÞÞÞ; ð29Þ
where g ¼ x ðA0 þ 2kÞt.
Now substituting Eqs. (6)–(10) into Eq. (29) respectively,
we get the following ﬁve traveling wave solutions of the
(2+1)-dimensional Burgers equation.
When l – 0; k2  4l > 0,
u6ðgÞ ¼ A0  8lﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  4l
p
tanh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24l
p
2
ðgþ EÞ
 
þ k
:
where g ¼ x ðA0 þ kÞt and E is an arbitrary constant.When l – 0; k2  4l < 0,
u7ðgÞ ¼ A0 þ 8lﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l k2
p
tan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4lk2
p
2
ðgþ EÞ
 
 k
:
where g ¼ x ðA0 þ kÞt and E is an arbitrary constant.
When l ¼ 0; k– 0, and k2  4l > 0,
u8ðgÞ ¼ A0 þ 4k
expðkðgþ EÞÞ  1 :
where g ¼ x ðA0 þ kÞt and E is an arbitrary constant.
When l – 0; k– 0, and k2  4l ¼ 0,
u9ðgÞ ¼ A0 þ 2k
2ðgþ EÞ
ðkðgþ EÞÞ þ 2Þ :
where g ¼ x ðA0 þ kÞt and E is an arbitrary constant.
When l ¼ 0; k ¼ 0, and k2  4l ¼ 0,
u10ðgÞ ¼ A0 þ 4ðgþ EÞ :
where g ¼ x ðA0 þ kÞt and E is an arbitrary constant.
4. Physical explanations
In this section we will discuss the physical explanations and
graphical representation of the above determined ﬁve families
of solutions.
4.1. The (3+1)-dimensional mKdV–ZK equation
The introduction of dispersion without introducing nonlinear-
ity destroys the solitary wave as different Fourier harmonics
start propagating at different group velocities. On the other
hand, introducing nonlinearity without dispersion also prevents
the formation of solitary waves, because the pulse energy is fre-
quently pumped into higher frequency modes. However, if both
dispersion and nonlinearity are present, solitary waves can be
sustained. Similarly to dispersion, dissipation can also give rise
to solitary waves when combined with nonlinearity. Hence it is
interesting to point out that the delicate balance between the
nonlinearity effect of u2ux and the dissipative effect of
uxxx; uyyx and uzzx give rise to solitons, that after a full interac-
tion with others the solitons come back retaining their identities
with the same speed and shape. The (3+1)-dimensional mKdV–
ZK equation has solitary wave solutions that have exponen-
tially decaying wings. If two solitons of the (3+1)-
dimensional mKdV–ZK equation collide, the solitons just pass
through each other and emerge unchanged. For special values of
the parameters solitary wave solutions are originated from the
obtained exact solutions (see Figs. 1–5).
4.2. The (2+1)-dimensional Burgers equation
The (2+1)-dimensional Burgers equation demonstrates the
coupling between dissipation effect of uxx, uyy and the convec-
tion process of uux. Unlike the KdV equation that combines
Figure 2 (a) Periodic solution u2ðgÞ when a ¼ 3; l ¼ 3; k ¼ 1; E ¼ 1 and 1 6 x; t 6 1. (b) Periodic solution u2ðgÞ when
t ¼ 1; a ¼ 3; l ¼ 3; k ¼ 1; E ¼ 1 and 1 6 x; t 6 1.
Figure 3 (a) Singular Kink wave solution u3ðgÞ when a ¼ 1; l ¼ 0; k ¼ 2; E ¼ 1 and 10 6 x; t 6 10. (b) Singular Kink wave
solution u3ðgÞ when t ¼ 1; a ¼ 1; l ¼ 0; k ¼ 2; E ¼ 1 and 10 6 x; t 6 10.
Figure 1 (a) Kink wave solution u1ðgÞ when a ¼ 1; l ¼ 1; k ¼ 3; E ¼ 1 and 10 6 x; t 6 10. (b) Kink wave solution u1ðgÞ when
t ¼ 1; a ¼ 1; l ¼ 1; k ¼ 3; E ¼ 1 and 10 6 x; t 6 10.
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Figure 4 (a) Singular Kink wave solution u4ðgÞ when a ¼ 1; l ¼ 1; k ¼ 2; E ¼ 1 and 10 6 x; t 6 10. (b) Singular Kink wave
solution u4ðgÞ when t ¼ 1; a ¼ 1; l ¼ 1; k ¼ 2; E ¼ 1 and 10 6 x; t 6 10.
Figure 5 (a) Singular Kink wave solution u5ðgÞ when a ¼ 1; l ¼ 0; k ¼ 0; E ¼ 1 and 10 6 x; t 6 10. (b) Singular Kink wave
solution u5ðgÞ when t ¼ 1; a ¼ 1; l ¼ 0; k ¼ 0; E ¼ 1 and 10 6 x; t 6 10.
640 Md. Nur Alam et al.the nonlinear uux and dispersion uxxx effects, the (2+1)-
dimensional Burgers equation combines the nonlinear uux
and dissipation uxx, uyy effects. Burgers introduced this equa-
tion to capture some of the features of turbulent ﬂuid in a
channel caused by the interaction of the opposite effects of
convection and diffusion. Solution u6ðgÞ represents kink.
Kink waves are traveling waves which arise from one asymp-
totic state to another. The kink solutions are approach to a
constant at inﬁnity. Fig. 6 below shows the shape of the exact
kink-type solution u6ðgÞ of the (2+1)-dimensional Burgers
equation. Solution u7ðgÞ; u8ðgÞ; u9ðgÞ and u10ðgÞ are the singu-
lar Kink solution. Figs. 7–10 show the shape of the exact sin-
gular Kink-type solution u7ðgÞ; u8ðgÞ; u9ðgÞ and u10ðgÞ of the
(2+1)-dimensional Burgers equation.5. Comparison
5.1. Comparison between Zayed [25] solutions and our solutions
Zayed [25] investigated exact solutions of the (3+1)-
dimensional mKdV–ZK equation using the ðG0=GÞ-expansion
method and obtained only three solutions (A.1)–(A.3) (see
appendix). Moreover, in this article ﬁve solutions of the
(3+1)-dimensional mKdV–ZK equation are constructed by
applying the expðUðgÞÞ-expansion method. But by means
of the expðUðgÞÞ-expansion method we obtained solutions
are different to Zayed [25] solutions. These solutions are new
and were not obtained by Zayed [25]. On the other hand, the
Figure 6 (a) Kink wave solution u6ðgÞ when A0 ¼ 1; l ¼ 1; k ¼ 3; E ¼ 1 and 10 6 x; t 6 10. (b) Kink wave solution u6ðgÞ when
t ¼ 1; A0 ¼ 1; l ¼ 1; k ¼ 3; E ¼ 1 and 10 6 x; t 6 10.
Figure 7 (a) Singular Kink wave solution u7ðgÞ when A0 ¼ 1; l ¼ 3; k ¼ 1; E ¼ 1 and 1 6 x; t 6 1. (b) Singular Kink wave
solution u7ðgÞ when t ¼ 1; A0 ¼ 1; l ¼ 3; k ¼ 1; E ¼ 1 and 1 6 x; t 6 1.
Figure 8 (a) Singular Kink wave solution u8ðgÞ when A0 ¼ 1; l ¼ 0; k ¼ 2; E ¼ 1 and 10 6 x; t 6 10. (b) Singular Kink wave
solution u8ðgÞ when t ¼ 1; A0 ¼ 1; l ¼ 0; k ¼ 2; E ¼ 1 and 10 6 x; t 6 10.
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Figure 9 (a) Singular Kink wave solution u9ðgÞ when A0 ¼ 1; l ¼ 1; k ¼ 2; E ¼ 1 and 10 6 x; t 6 10. (b) Singular Kink wave
solution u9ðgÞ when t ¼ 1; A0 ¼ 1; l ¼ 1; k ¼ 2; E ¼ 1 and 10 6 x; t 6 10.
Figure 10 (a) Singular Kink wave solution u10ðgÞ when A0 ¼ 1; l ¼ 0; k ¼ 0; E ¼ 1 and 10 6 x; t 6 10. (b) Singular Kink wave
solution u10ðgÞ when t ¼ 1; A0 ¼ 1; l ¼ 0; k ¼ 0; E ¼ 1 and 10 6 x; t 6 10.
Table 1 Comparisons of the expðUðgÞÞ-expansion method
with the ðG0=GÞ-expansion method, using the obtained solu-
642 Md. Nur Alam et al.auxiliary equation used in this paper is different, so the solu-
tions obtained are also different.tions of the (2+1)-dimensional Burgers equation between.
Solutions of Inan et al. [24]
obtained by the ðG0=GÞ-
expansion method solution
Solutions obtained by the
expðUðgÞÞ-expansion method
1. If c1 ¼ 0; w ¼ 0; k ¼ 0 and
k ¼ 1 then the solution becomes:
u1ðnÞ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ4lp coth ﬃﬃﬃﬃﬃﬃ4lp2 n
 
1. If E ¼ 0; k ¼ 0; A0 ¼ 0 and
g ¼ n then the solution
becomes:
u1ðnÞ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ4lp coth ﬃﬃﬃﬃﬃﬃ4lp2 n
 
2. If c1 ¼ 0; w ¼ 0; k ¼ 0 and
k ¼ 1 then the solution becomes:
u2ðnÞ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ4lp cot ﬃﬃﬃﬃﬃﬃ4lp2 n
 
2. If E ¼ 0; k ¼ 0; A0 ¼ 0 and
g ¼ n then the solution
becomes:
u2ðnÞ ¼ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ4lp cot ﬃﬃﬃﬃﬃﬃ4lp2 n
 
3. If w ¼ 0; k ¼ 1; c2 ¼ 1 and
B0 ¼ 
ﬃﬃﬃﬃﬃﬃ
2D
p
then the solution
becomes: u3ðnÞ ¼ 4c1þn
3. If A0 ¼ 0; g ¼ n; E ¼ c1
then the solution becomes:
u3ðnÞ ¼ 4c1þn5.2. Comparisons between the ðG0=GÞ-expansion method and the
ExpðUðgÞÞ-expansion method of the (2+1)-dimensional
Burgers equation
Inan et al. [24] examined exact traveling wave solutions of
the (2+1)-dimensional Burgers equation using the ðG0=GÞ-
expansion method and obtained only three solutions. On the
contrary using the expðUðgÞÞ-expansion method we have
obtained ﬁve solutions (See Section 3.2). It is signiﬁcant to
mention that for particular values of the parameters some of
our solutions obtained by the expðUðgÞÞ-expansion method
are coincided with existing solutions of Inan et al. [24] which
were obtained by the ðG0=GÞ-expansion method. The compar-
ison among the solutions of the ðG0=GÞ-expansion method
done by Inan et al. [24] and the expðUðgÞÞ-expansion method
in the article is shown in Table 1.
Exact traveling wave solutions to the (3+1)-dimensional mKdV–ZK and the (2+1)-dimensional Burgers equations 6436. Conclusion
In this paper, the expðUðgÞÞ-expansion method has been
fruitfully applied to ﬁnd the solution for two nonlinear partial
differential equations such as the (3+1)-dimensional mKdV–
ZK equation and the (2+1)-dimensional Burgers equations.
The expðUðgÞÞ-expansion method is used to hit upon a
new traveling wave solution. The results show that the
expðUðgÞÞ-expansion method is a powerful mathematical
tool to solve the (3+1)-dimensional mKdV–ZK equation
and the (2+1)-dimensional Burgers equations; it is also a
hopeful method to solve other nonlinear equations.
Appendix A. Zayed solutions [25]
Zayed [25] studied the exact traveling wave solutions of the
(3+1)-dimensional modiﬁed KdV–ZK equation using the
ðG0=GÞ-expansion method and achieved the following exact
solutions:
uðnÞ¼3i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24l
2a
s

Acosh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24l
p
2
n
 
þBsinh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24l
p
2
n
 
Asinh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24l
p
2
n
 
þBcosh
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k24l
p
2
n
  ðA:1Þ
uðnÞ¼3i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4lk2
2a
s

Asin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4lk2
p
2
n
 
þBcos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4lk2
p
2
n
 
Acos
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4lk2
p
2
n
 
þBsin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4lk2
p
2
n
  ðA:2Þ
uðnÞ¼ 6iﬃﬃﬃﬃﬃ
2a
p  B
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